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One of the most effective numerical techniques for the solution of trajectory optimization and optimal control
problems is the direct transcription method. This approach combines a nonlinear programming algorithm with a
discretization of the trajectory dynamics. When the resulting mathematical programming problem is solved using
a sparse sequential quadratic programming algorithm, the technique produces solutions very rapidly and has
demonstrated considerable robustness when applied to atmospheric and orbital trajectories. This paper describes
the application of the direct transcription technique to the optimal design of a commercial aircraft trajectory,
subject to realistic constraints on the aircraft flight path. A primary result of the paper is to demonstrate that the
transcription formulation leads to a very natural treatment of realistic Federal Aviation Administration (FAA)
imposed path constraints within a high fidelity simulation. A second important result is to demonstrate that
modeling tabular data using smooth approximations significantly improves the speed of convergence.

I. Introduction

T HIS paper addresses the efficient numerical determination of
the flight path of a commercial aircraft described by realistic

propulsion, aerodynamic, and atmospheric data when constrained
to fly using standard Federal Aviation Administration (FAA) flight
regulations. Many portions of the trajectory are prescribed by aux-
iliary conditions that result in path constraints that are traditionally
solved by awkward manipulation. There are two keys to the effi-
cient solution of the problem. The first is the transcription approach,
which permits treating the prescribed path conditions in a natural
way, as a differential-algebraic equation (DAE) system. The sec-
ond is the smooth modeling of the tablular data, which results in
faster convergence of the optimization without compromising the
final answer.

The design of an optimal trajectory for an aircraft has been
studied extensively. For example, energy state approximations are
described in Refs. 1-3 and singular perturbation techniques have
been explored in Refs. 4-6. The presence of singular arcs has
also been explored.7-8 However, realistic path constraints as im-
posed by standard FAA flight regulations are typically not treated
in these analyses. Several researchers have successfully used di-
rect transcription or collocation methods for aerospace applica-
tions with path constraints.9"14 This paper extends their work to
a new application.

In the next section we begin with a brief discussion of the optimal
control problem and its formulation using direct transcription. We
then present the formulation of the aircraft trajectory optimization
example, followed by a section that describes a number of mis-
sion profiles. After discussing the data modeling problem, a section
presenting computational results is given.

II. Trajectory Optimization
A. Optimal Control Problem

There are a number of equivalent ways to state the optimal control
problem. To be specific, let us find the nu -dimensional control vector
ii (f) to minimize the performance index

(1)

evaluated at the final time t f , which may be fixed or free. The dy-
namics of the system are defined by the state equations

y=f[y(t),u(t),t] (2)

and terminal conditions at the final time tf are defined by

where y is the ne dimension state vector. Initial conditions at time
to are defined by

(3)

(4)

where t/> is a vector of length n\,. In addition, the solution must
satisfy path constraints of the form

(5)

where ̂  is a vector of size np, as well as simple bounds on the state
variables

and control variables

y(t) <yu

UL < u ( t ) <

(6)

(7)

Note that a path variable equality contraint can be imposed if the
upper and lower bounds are equal, e.g., (^i)k = (*&u)k for some
k. Portions of a trajectory involving active path constraints form a
system of DAEs.

B. Transcription Formulation
The basic approach for solving the optimal control problem by

transcription has been presented in detail elsewhere10"14 and will
only be summarized here. All approaches divide the time interval
into ns segments
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where the points are referred to as mesh or grid points. Typically
grid points are located at a fixed percentage of the total phase time.
Let us introduce the notation jy = y(tj) to indicate the value of the
state variable at a mesh point. In like fashion denote the control at a
mesh point by Uj = u(tj). Many different discretization schemes are
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possible and have been compared in Refs. 10 and 11. Each scheme
produces a distinct set of nonlinear programming (NLP) variables
and constraints. For the reasons described in Refs. 10 and 11, the
technique preferred for this application is trapezoidal discretization.

For the trapezoidal discretization, the NLP variables are

, MO, (8)

The state equations (2) are approximately satisfied by setting defects

to zero for j = 1 , . . . , ns. The step size is denoted by KJ = tj — tj-\,
and the right-hand side of the differential equations (2) are given by

As a result of the transcription process, the optimal control con-
straints (2)-(5) are replaced by the NLP constraints

CL < c(x) < (10)

where

with

(12)

and a corresponding definition of Cu> The first nens equality con-
straints require that the defect vectors from each of the ns segments
be zero, thereby approximately satisfying the differential equations
(2). The boundary conditions are enforced directly by the equality
constraints on t/>, and the nonlinear path constraints are imposed at
the ns + 1 grid points. Note that nonlinear equality path constraints
are accommodated by setting (cL)k = (cu)k for appropriate values
of A:. In a similar fashion the state and control variable bounds (6)
and (7) become simple bounds on the NLP variables.

C. Nonlinear Programming Problem
The NLP can be stated as follows: Find the N vector x that min-

imizes the objective function

subject to the constraints

CL < c(x) <

(13)

(14)

where c(x) is an m vector of constraint functions, and the simple
bounds

XL < (15)

Equality constraints are imposed by setting (cL)k — (cv)k and vari-
ables can be fixed by setting (xL)k = (xv)k for appropriate values
offc .

Reference 11 presents a nonlinear programming algorithm based
on a sparse sequential quadratic programming method. All numer-
ical results presented utilize this algorithm.

III. Problem Formulation
A. Modeling Assumptions

It will be assumed that the aircraft motion is planar, above a flat
Earth (i.e., constant gravitational force). All vehicle specific aero-
dynamic data will be represented by cubic splines with continuity
of function, first and second derivatives. We denote the cubic-spline
representation of tabular data by d(-) and will describe details of the
data modeling below. Similarly, a cubic-spline representation for
the 7962 Standard Atmosphere is used to compute all atmospheric
parameters.

The motion of the vehicle will be described by a collection of
phases and within each phase a subset of the quantities in Table 1
may be treated as dynamic variables. In general, continuity across
events (from one phase to the next) will be maintained for h, r, u, iy,

Table 1 Dynamic variables

h Altitude, ft
r Range, nm
v Velocity, fps
y Flight path angle, rad
w Weight, Ib
CL Aerodynamic lift coefficient
T Thrust, Ib

and time t. Discontinuities in the lift coefficient CL and thrust T will
be permitted across event boundaries, which is typical for control
variables. Discontinuities in the flight path angle y will be per-
mitted across event boundaries, which is a modeling assumption
introduced for consistency with existing vehicle simulations. An al-
ternative approach would be to introduce additional short-duration
phases during which the flight path angle changes. However, because
the path angle discontinuities are so small, experience suggests the
performance degradation attributable to this modeling assumption
is negligible.

B. Equations of Motion
The aircraft dynamics are described by the following set of ordi-

nary differential equations:

h — v sin Y

r = v cos Y

v = ( l /m)Cr -D) -gs iny

Y = 0/i>)[(L/m) -gcosy]

(16)

(17)

(18)

(19)

(20)

The propulsive characteristics of the aircraft, namely the total thrust
T and total weight flow dw, are defined by

T = (21)

(22)

where me is the number of engines and the thrust of a single engine
is given by the trivariate function dr(-) of Mach number, altitude,
and temperature, and the weight flow of a single engine is given as
a trivariate function of dT, Mach number, and altitude. Notice that
the atmospheric pressure ratio 8 defined below is a correction to the
sea-level thrust. We have intentionally used a functional form for
the thrust that is consistent with existing vehicle simulations and
terminology [cf. Eqs. (2-28) in Ref. 16], even though for a standard
atmosphere 8 = 8(h) and the altitude affect could be incorporated
into a modified expression for dj . It is important to note that Eq. (21)
defines the thrust when T is not treated as a control variable. During
phases in which thrust is a control variable, Eq. (21) is utilized to
define dT, which will be described below.

The aerodynamic forces on the aircraft are defined by

L = CLqS

CD = da(CL, M) + dR(w, h) +

D = CDqS

(23)

(24)

(25)

In these expressions the lift L is defined in terms of the lift coef-
ficient CL, the dynamic pressure q, and the reference area S. The
aerodynamic drag coefficient consists of a basic drag term da defined
as a bivariate spline involving the lift coefficient and Mach number.
The Reynolds number correction dR is given as a bivariate func-
tion of weight and altitude, and do is a constant. The drag D is
then given as a function of the drag coefficient, dynamic pressure,
and reference area. The atmospheric density p ( h ) , pressure p ( h ) ,
temperature T(/I), and derivatives dp/dh, dp/dh, and di/dh are all
available from the cubic-spline representation of the atmosphere.
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In addition the atmosphere also defines the related quantities

5 - (p/po) (26)

M = ( v / v c ) (27)

q = ~2pv2 (28)

where 8 is the pressure ratio, and the Mach number M is computed
from the velocity and the speed of sound vc.

C. Path Constraints
In addition to satisfying the equations of motion, three different

types of path constraints will be imposed during various phases
of the overall mission. One possibility is to require that the Mach
number be constant during a phase, that is,

M = ( v / v c ) = Mo (29)

where M0 is the prescribed mach number. Rewriting this as a state
variable equality constraint

SM(t) = V- MQVC = (30)

Since the control variable CL does not appear explicitly, let us con-
vert it to a control variable constraint by differentiating,

(31)

where i) and h are given by the state equations and do contain the con-
trol explicitly. Then the original state variable constraint is enforced
by imposing JA/(0 — 0 during the phase, with the boundary condi-
tion s M ( t ) = 0 imposed at one point in the phase, typically either the
initial or final point. Notice that when the original path constraint
(30) is adjoined to the system of differential equations (16-20), the
problem is referred to as a differential-algebraic system with global
index 2. In general, the number v — 1 of differentiations needed to
obtain a problem with the control appearing explicitly determines
the global index v (cf. Ref. 17). By differentiating to create a control
variable constraint the new DAE system has been converted to have
index 1 and is a much more tractable numerical problem.

The second type of path restriction requires a constant rate of
climb (or descent) during a phase, that is,

h = v sin y = RQ (32)

where RQ is the desired rate of climb (or sink). Rewriting this ex-
pression as a state variable equality constraint yields

s R ( t ) = vs'my - RQ = (33)

Since the control variable CL does not appear explicitly, it is desir-
able to convert the path constraint to a control variable constraint
by differentiating,

sR(t) — i) sin y -f v cos yy — 0 (34)

where v and y are given by the state equations and do contain the
control explicitly. As before, we impose sR(t) = 0 during the phase,
with the boundary condition sR(t) = 0 imposed at one point in the
phase.

The third type of path constraint is to require a constant calibrated
airspeed (CAS) during a phase, that is,

M = C(p, «o)

where aQ is the desired CAS (knots) and

C(p,aQ) = Vk

(35)

(36)

(37)

where k\ and a are given constants and p is the atmospheric pres-
sure [cf. Eqs. (1-14) in Ref. 16]. Rewriting yields the state variable
equality constraint

sc(t) = v - = 0 (38)

Again since the control variable CL does not appear explicitly, we
convert the path constraint to a control variable constraint and re-
quire $c(t) = 0, where,

dC

dCdp
c dp d/z"

1 dk

dvc-^
dh

kip

dvc

~dh
dr

(39)

(40)

(41)

(42)

where k2 is a constant, 1; and h are given by the state equations, and
the atmosphere supplies dp/dh and dr/d/z.

When one of the path constraints (31), (34), or (39) is adjoined
to the equations of motion, we obtain the system of differential
algebraic equations

y=f[y(t),u(t),t]
(43)

One traditional approach for solving a coupled system such as this
is to first solve the path constraint for the control, i.e., attempt to
define

u(t) = *&~l[y(t), t] (44)

If this inverse can be computed, then the control can be substituted
into the state equations to yield

y =f[y(t), *&~l[y(t), t], t] (45)

which is a system of differential equations amenable to solution
using a standard initial-value method (e.g., Runge-Kutta). Unfortu-
nately it is often difficult or impossible to construct the inverse *&~l

analytically. In fact, for the path constraint (31), (34), or (39) this
requires inverse interpolation of the aerodynamic data. Direct treat-
ment of the DAE system using the transcription approach avoids
this unnecessary and cumbersome process.

D. Cruise Phases
The dynamics of the system can be simplified considerably for

cruise phases. This section describes the types of cruise phases of
interest.

L Constant Mach Cruise
One approach is to fly a constant altitude phase at a constant Mach

number. In this situation the h state equation (16) is unnecessary.
Also constant h requires y = y = 0, which means that L — if. In
order to maintain a constant Mach number at a constant altitude, it is
necessary that the velocity be constant (i.e., i) = 0). It then follows
from Eq. (18) that T = D. When thrust and drag are equal, it is not
necessary to evaluate the thrust curve fit since from the definition
we have

T
me8

(46)

and this value can be used as the required input for the weight flow
data. Finally since the velocity is constant with y = 0, the solution
of the range differential equation is trivial, i.e.,

rf (47)

where r0 and rf are the ranges at the beginning and end of the phase
of duration A/.
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Table 2 Summary of phase types

Description States Control

Climb/descent (CAS = c)
Climb/descent (M = c}
Climb/descent (ROC = c)
Cruise (h = c, M — c)
Cruise acceleration/deceleration (h = c}
Maximum range cruise (MRC)

h,r,v,y,w
/i, r, v, y, w
h, r, v, y, w

w
r, v, w
r, v, w

CL
CL
CL
0
0
T

2. Acceleration /Deceleration
During short periods of acceleration or deceleration at a constant

altitude, both the h and y equations are unnecessary, and by impli-
cation, L — w.

3. Maximum Range Cruise
Instead of choosing the thrust equal to the drag as required for

a constant Mach cruise segment, it may be preferable to choose
the thrust as an optimal function of time. When the thrust appears
linearly in the dynamics, the optimally controlled cruise phase is a
singular arc, and this problem has been studied by many authors (cf.
Refs. 7 and 8). Unfortunately these singular arc studies permit vari-
ation in the altitude that is not permitted for a real aircraft operating
under FAA flight regulations. Furthermore, for real propulsion data
the differential equations are nonlinear with respect to the control
variable T. In particular, if relation (46) is used, the weight flow
described by dw is a nonlinear function of the thrust. Consequently
a unique optimal choice for the thrust as a function of time during
the cruise phase can be determined. Both the h and y equations are
unnecessary, and by implication, L = w. However, i> =£ 0 since in
general the control variable T ^ D.

A summary of the types of phases is presented in Table 2.

IV. Mission Profiles
To illustrate the approach, a number of typical mission profiles

will be presented. The profiles are described in the rest of this section
and summarized in Tables 3-5. The tables are organized in five
columns. The first column defines the type of phase. The nonlinear
programming optimization variables are defined for each phase in
the second column of the tables. In general the variables in the table
must be interpreted as dynamic variables, i.e., the symbol h implies
the set of NLP variables h(tk) — hk for k — 1 , . . . , n{, where nt
denotes the number of grid points in phase /. For most phases the
only nondynamic variables are the initial time r/^1 and/or the final
time fr . In general it is assumed that phase / terminates at time jr
and begins at time t^ and separate NLP variables are introduced
for both sides of the phase boundary. The number of NLP variables
introduced on the phase is defined in the row below the definition
of the variables. The optimization contraints are defined in columns
3-5 of the tables. Continuous constraints imposed throughout the
phase are defined in column 3. The defect constraints (9) that result
from discretization of the differential equations are denoted by j =
/[j, H, t]. The number of NLP constraints introduced on the phase is
defined in the row below the definition of the constraints. Constraints
imposed at the boundary corresponding to the beginning of the phase
are listed in the fourth column, and boundary conditions at the end of
the phase are listed in the fifth column. For brevity we have omitted
the units on the numerical values shown in the tables. However, by
convention, the units are consistent with those shown in Table 1.
Calibrated airspeed constraints are stated in knots, whereas rate-of-
climb constraints are given in feet per minute.

A. Minimum Fuel
The objective is to maximize the weight of the vehicle at the final

point, which is equivalent to minimizing the fuel consumed during
the flight. The profile describes the trajectory from a point shortly
after takeoff (altitude 1517 ft) to a point shortly before landing
(altitude 1929 ft). For this case the only control variable appearing
is the lift coefficient CL and all segments containing the control
also have a path constraint. Thus for this mission the only freedom
available to define the trajectory is the time to "step" from one
cruise altitude to another and the initial-values of the flight path

angles for some of the phases. Thus, although the sparse nonlinear
programming problem had 587 variables, at the solution there were
581 active constraints and only six degrees of freedom. In essence,
the entire trajectory can be described by a sequence of DAEs. We
shall refer to this case as the "baseline" profile.

B. Maximum Range
The second case of interest can be described as follows: Maximize

the final range of the aircraft for a fixed landing weight using the
same climb, cruise, and descent flight path definition. This trajectory
can be defined from the previous profile by replacing the constraint
on the final range (4310.9 nm) with a constraint on the final weight
(279,939 Ib) and making the range the objective function.

C. Minimum Takeoff Weight
The third case of interest is defined as follows: Minimize the

takeoff weight of the aircraft for a fixed landing weight and range
using the same climb, cruise, and descent path definitions. Again
this case can be obtained with minor changes to the baseline profile,
namely adding the constraint that fixes the final weight (279,939 Ib)
in the final phase and removing the constraint that fixes the initial
weight (378,828 Ib).

D. Minimum-Fuel MRC
When the cruise portion of the trajectory is prescribed to be

at a fixed Mach number as in the previous cases, there are very
few degrees of freedom available to minimize the fuel. In con-
trast, when the thrust is a control variable during the cruise seg-
ments, it is possible to enhance the aircraft performance. The climb
and descent portions of the trajectory are the same as the baseline
profile; however, the cruise portions are modified as described in
Table 4.

A comparison of the MRC cruise phases with the baseline cruise
phases reveals a number of important differences. First, the thrust is
a control variable during the cruise phases, so the number of degrees
of freedom for the MRC problem is much larger than the baseline
case. Typically the number of degrees of freedom is approximately
the same as the number of grid points during the MRC phases. Since
thrust is variable during the cruise, it is also necessary to integrate
the range and velocity state equations, and thus the number of defect
constraints is increased during the MRC cruise, and the number of
state continuity constraints at the ends of the cruise phases also
reflects this change. A more subtle change also appears in the step
climb (phase 6) between the MRC cruise at 31,000 ft and the MRC
cruise at 35,000 ft. The step climb is at a constant Mach number,
but the value of the Mach number is equal to that at the end of the
first cruise segment. To model this, we introduce a single parametric
optimization variable (denoted by p in Table 4) that is just the Mach
number for the step climb. We refer to it as "parametric" since it
is constant during the step climb, but its value is a variable. To
ensure the parametric variable does in fact equal the Mach number,
a constraint relating it to the velocity and speed of sound is also
introduced.

E. Minimum Fuel with Reserves
When designing a realistic mission, it is also necessary to include

sufficient reserve propellant to safely reach an alternate landing site.
The mission segments for the contingency portion of the trajectory
are similar to those for the primary portion, except, of course, the
range and cruise altitudes are different. To illustrate this, we aug-
ment the baseline mission with the contingency phases defined in
Table 5.

F. MRC Cruise and MRC Reserve
The final case investigated essentially combines the missions of

the previous two sections. In particular we maximize the final weight
of the aircraft for a fixed takeoff weight using the MRC cruise seg-
ments for both the baseline and reserve portions of the trajectory.
This case results in the largest NLP problem of those considered,
with 1290 optimization variables and 1194 constraints active at the
solution, producing a problem with 96 degrees of freedom.
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Table 3 Baseline mission profile

155

Trajectory
phase
1. Climb:

CAS = 250,
to < t < rf

2. Climb:
ROC = 500,
tf < t < t~

3. Climb:
CAS = 3 14,
t+ < t < t~

4. Climb:
Mach = 0.8,
/3+ < t < t~

5. Cruise:
Mach = 0.8,
/i (0 = 3 1,000,
/4+ < t < t~

6. Climb:
Mach = 0.8,
t+<t< t~

7. Cruise:
Mach = 0.8,
h (0 = 35, 000,
/6+ < ? < ?7~

8. Cruise:
Decelerate
at idle thrust,
h = 35,000,
t+ < / < /8-

9. Descent:
CAS - 250,
f 8+ < t < t~

Optimization
variables

h, r, v, y, w,
CL,t~

5ni +n\ + 1
/i, r, i>, x, if,
Ci.f+,/2-

5772 + 772 + 2
h, r, v, y, iu,
CL,t+,t~

5713+773+2
/i, r, u, y, if,
Ci,f3

+,f4-

5/74 + 714 + 2

wj+,t~

775 + 2
/z, r, i>, y, w,
CL,r5

+,f-

5/l6 + «6 + 2

w,t+,t~

717+2

r, u, u>, /^", f<r/ o

3/18 + 2
/z, r, i>, y, iy,
Ci.tf.f,-

5/19 +719+2

Optimization constraints
During phase

y =f[y,u,t]
sc =0

5(/n - l) + w i
y=f[y,u,t]

sR=Q

5(772 - D + / I 2

>=/[^t t , / ]
^ c = 0

5(/l3- 1) + H3

>=/[J , t t ,n
^ M = 0

5(H 4 -1 )+ / I4

>=/[^«^]

/15-1

j=/[^«^]

^ M - 0

5(716 - 1) + «6

J=/[^«^]

717-1

j= / [^M»^]

3(778 - 1)

y=f[y,u,t]
sc =0

5(779 — 1) + 779

Initial boundary

/K/o) = 1517
r ( /o )=0
v(to) - VQ

w(t0) = 378828
4

/z(r-) = /i(/+)
r(rf) = r(/+)
!;(/-) = V(r+)

iy(r~) = iy(rj+)

T='i+
^(/!+)=0

6
h(t~) = h(t+)
r(t~} = r(t+)
v(t~) = v(t+)
w(t~) = w(/2

+)
r -^^

JC(^2") = 0

6
/K/3~) = Mf3+)
r(r3-) = r(/3

+)
v(t~) = v(r3

+)
u;(/~) = w(?3

+)

^='3+

5
u;(r-) = w(t+)

*- ++t4 =*4

2
w(t~) = w(r+)

^='5+

/*(;+) = 3 1,000
^M(r5

+)-0
^(?5

+) = r(r-)
+ v5(t~ - r+)

5
u;(/~) = w(r6

+)
^='6+

2
w(r7~) = w(t+)

tl~=t+

s M ( t f ) = 0
r(t+) = r(f-)
+ i;7(f7"-r6

+)

4
/2(r8

+) = 35,000
r(r-) = r(/+)

v(/8") - w(/8
+)

iu<r8~) = u;(r+)
r8~ = C

5

Final boundary
h(t~} = 10000

1
r - - ^ > 1 0

1
t3~-t+> 10

1
h(t~) = 31000

JAf(?4~)=0

*4~ ~ %+ > 10

3
/5--^4

+>io

1
/z(r-) = 35,000

'6~ -^^10

2
r f - r 6

+ >10

1
^c(r8~)-0
r - - r + > l

2
/z(/-) - 1929

r(f-) = 4310.9

9̂" - ;8+ > tp

3
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Table 4 MRC cruise profile

Trajectory
phase
5. Cruise:

MRC,
h(t} -31,000,
tf <t < t~

6. Climb:
Mach = p,

*5 -t -16

1. Cruise:
MRC,
h(t) = 35,000,
tf < t < t~

8. Cruise:
Decelerate
at idle thrust,
h = 35,000,

*7 — t - ?8

Optimization
variables
r, v, w, 7\

r4
+,f~

3775 + 775+2
77, r, v, y, w,
C L , r + , ? - , p

5/76 +776 + 3

r, u, w, T,
t£,t-

3777+777+2
r, i;, w, t f ,

t~

377g + 2

Optimization constraints
During phase

y=f[y,u,t]

3(715 - 1)

>=/[^«,n
5 M = 0

5(776 - 1) +776

y=f[y,u,fl

3(777 - 1)

>=/ [ j ,K , r ]

3(778 - 1)

Initial boundary

K'4~) = K?4+)

V(/-) = u(r+)
w(/~) = iy(r+)

?
4"-c

4
r(r-) - r(r+)

V(f5") == ^5+)

u;(r5-) = «;(/+)

/z(/+) = 31, 000

6
r('6~) = /"(/+)
u(r-) = V(/+)
u,(/-) = u;(/+)

r6~ = C
4

r(f-) = r(r+)
Tj(f-) = U(0

w(t^~) = w(t^~)
11 = f 7

4

Final boundary

?5~ - ?4
+ > 10

1
fc(f-) - 35,000

6̂~ - r+ > 10

2
r7~" ~ f6 - 10

1

sc(t-) = Q

t~ - t+ > 1

2

V. Data Modeling
It is common practice to describe the properties of a vehicle by

tabular data. Often these data are obtained experimentally (e.g., wind
tunnel tests), although in many instances it is simply a convenient
form of communication between different engineering disciplines.
In any case, the successful use of the data within a numerical pro-
cess is significantly determined by the method used to represent it
mathematically. Recognizing this difficulty is certainly not new and
has been discussed by other authors, e.g., Refs. 18 and 19 in the sim-
ulation of space launch vehicles. Nevertheless, inappropriate data
modeling techniques persist, presumably for historical reasons, in
many real applications.

Most state-of-the art numerical methods for integration and op-
timization require continuity and differentiability in the problem
functions. Algorithms based on Newton's method for minimization
require that the constraints and objective function be continuous and
have first and second derivatives that are continuous. When a cubic
B-spline is used to represent tabular data, continuity in the second
derivatives can be achieved (cf. Refs. 20-22). However, continuity
and differentiability through order 2 is not enough! For rapid opti-
mization convergence, it is also desirable to construct an approxi-
mation to the data with "small" values for derivatives above order 2.
Loosely speaking we would like to minimize the "wiggle" in the fit.
This is desirable because modern optimization methods are predi-
cated upon constructing a quadratic approximation and then solving
a sequence of quadratic subproblems. Clearly if the objective and
constraint functions are well approximated by a quadratic model,
the iterative procedure should converge more rapidly. Conversely,
one would expect degraded performance from the optimization al-
gorithm when the functions are dominated by large third and fourth
derivatives.

With this in mind, two different methods were used to model the
tabular data. Both methods use tensor product B-spline approxima-
tions of order 3. Because cubic splines are used, both methods have
continuous function, first, and second derivatives, i.e., they are both
C2. The first approach, however, was constructed to interpolate the

Fig. 1 Curvature variation-interpolating spline.

data. The second method utilized a smoothing spline constructed
to minimize the error between the data, with slope and curvature
constraints. Of particular importance for this application is the cur-
vature constraint 32dw/3T2 > 6 where acceptable fits were obtained
with e = 10~6. Figure 1 displays the second partial derivative of
weight flow with respect to thrust for the interpolating cubic spline.
In contrast, Fig. 2 displays the same quantity for the smoothing
cubic spline. Similar irregularities in the second derivatives were
observed for all of the other interpolating data fits. Computational
experience with the interpolating and smoothing splines will be pre-
sented below.

VI. Computational Results
The nonlinear programming iterations were initialized using a

guess for the dynamic variables that was linear between the events.
All results were obtained on a SUN IPX workstation using a trape-
zoidal discretization with an error less that 10~3. Computational
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Table 5 Contingency mission profile
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Trajectory
phase
10. Climb:

CAS = 250,

*9 - f - MO

11. Climb:
ROC = 500,

' ,+
0<'<T,

12. Climb:
CAS = 288,

13. Cruise:
MRC,
h(t) -22,000,
t+ < t < t~~

14. Cruise:
Decelerate
at idle thrust,
h = 22,000,

15. Descent:
CAS = 250,
t*4<t< t~5

Optimization
variables

h, r, v, y, w,
cL ,f9

+ ,f-

5/? 10 + /MO + 2
h, r, i>, y, w,
C t+ t~

5/Mi +n\\ +2
h, r, v, y, w,
cL,f-,t~2

5/1 12 + /M2 + 2

r, i>, iy, r,
ri2'M~3

3/1 13 +/IB +2

r, v, if, f j t ,
r~

3/ii4 + 2
/i, r, u, y, if,

CL,MVl~5

5/115 + /M5 +2

Optimization constraints
During phase

y =f[y,u,t]
sc=0

5(/Mo - 1) +^ io
y=f[y,u,t]

Initial boundary

h ( t ~ ) = h(t+)
r(/9") - r(r+)
v(/9-_) = <)

u;a9
+) = M;(r9-)-1310

5
h(t-Q) = h(t+Q)

*R - 0 r( f - ) - r( r+)
v(r,-0) - va+)

5(/in - l ) + / M i
y=f[y,u,t]

sc=Q

5(/li2 - 1) +/M2

>=/[^K^l

3( / l ,3 - l )

j^/ t j ," , / ]

3( /M4- l )
y=f[y,u,t]

sc=U

5(/M5 - 1) +/M5

t~ — t+

6
h(t~l) = h(t+)

2-) = ̂ )

f- .+
Ml ~ Ml

6
KQ - r(r+)
v(t~2) = u ( /+)

u;.(M~) = iu(/j+
2)

M"2 = M+2
4

/•(f,p = r( /+)
u(rf3) - u(r+)
w(/~) = iy(/j*I)i j i jT3='r3

4
/ i ( r+) = 22,000
KQ = r( /+)
u( r~ ) = v(t+4)
w(t~4) = w(r+)

5

Final boundary
/ i(f-) = 10,000
f f 0 - r 9

+ >10

2

n~! - /Jo > 10

1
/i(M~) = 22,000
r - - ^ > i o

2

r - - ^ 2 > 1 0

1
jc(f-) =0

M~4 - M
+
3 > 1

2
/!(?-) = 1500
r(M-)=4511
t^5 -t+4>tp

3

I 0-5 -

g -0-5 -

Fig. 2 Curvature variation-smoothing spline.

results were obtained for the six different mission types using both
the interpolating and smoothing data described. The results are sum-
marized in Table 6. For each of the cases, we present four pieces of
information. The first item is the optimal value of the objective func-
tion, i.e., the final range for case 2, the takeoff weight for case 3,
and the final weight for all other cases. The second item is the num-
ber of function evaluations required to solve the problem, where a
function evaluation is defined as an evaluation of the NLP objec-
tive function (13) and the NLP constraint vector (14). All gradient
and Hessian information was computed using the sparse differenc-
ing technique described in Ref. 10, and the total number of function
evaluations tabulated includes those needed for finite difference per-
turbations. The third item tabulated is the number of Hessian evalu-
ations required for convergence. The final item for each case is the
total computer time required for solution of the problem. The final
column of Table 6 presents the quantity %A — 100 x (/ — s)/i,
which is the percent difference between the interpolated data "/"
and smooth data "5" results.

First notice that there is essentially no difference in the accuracy of
the interpolated vs the smooth results (typically 0.05%). To interpret
the remaining performance results, it is important to note that the
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Table 6 Performance summary

Itema
Interpolating

data
Smoothing

data %A

Case 1: minimum fuel,
77dof = 587-581 =6

Wf, Ib
Fun. ev.
Hes. ev.
Time, s

280,270
123
1

51.48

280,110
140
1

55.92

0.057
-13.82
0

-2.64

Case 2: maximum range,
rcdof = 587-581 =6

rf, nm
Fun. ev.
Hes. ev.
Time, s

1327.73
286
5

95.62

4319.59
286
5

93.44

0.188
0
0
2.28

Case 3: minimum takeoff weight,
Wdof = 587-581 =6

WQ, Ib
Fun. ev.
Hes. ev.
Time, s

378,395
123

1
54.34

378,604
140

1
55.84

-0.055
-13.82

0
-2.76

Case 4: minimum fuel
/idof = 813-733 = 80

iu/,lb
Fun. ev.
Hes. ev.
Time, s

280,875
1281
22

357.48

280,735
424
6

130.51

0.050
66.90
72.72
63.49

Case 5: minimum fuel with reserves
«dof = 1064- 1042 = 22

Wf, Ib
Fun. ev.
Hes. ev.
Time, s

273,467
601
12

2478.77

273,318
185
2

110.58

0.054
69.22
83.33
95.54

Case 6. MRC cruise, MRC reserves
Hdof = 1290- 1194 = 96

w/, lb
Fun. ev.
Hes. ev.
Time, s

274,065
1336
23

588.57

273,935
483
5

260.99

0.047
63.85
78.26
55.66

aFun. ev. = function evaluation; Hes. ev. = Hessian evaluation.

TIMF (HR)

Fig. 3 Thrust history MRC cruise.

first three cases have essentially no degrees of freedom. Even though
the NLP has many variables, the number of constraints is also large,
and consequently there is little optimization possible! For a problem
of this type the Hessian matrix has very little effect. In contrast,
cases4"6 all have a large number of degrees of freedom, due to
the presence of the MRC cruise segments. For problems of this
type the Hessian matrix is very important, since the progress of the
optimization iterations is dictated by the Hessian matrix. Since the
purpose of the data smoothing was to reduce Hessian irregularities,

the optimization algorithm performed significantly better in these
cases. For example in case 4, it was necessary to evaluate the Hessian
matrix 22 times and to evaluate the functions 1281 times before the
converged solution was obtained (in 357.48 s). However, when the
smoothed data were used, the same problem was solved with only
6 Hessian evaluations and 424 function evaluations, producing an
overall savings of 63% in computer time. Dramatic improvements
were also observed in cases 5 and 6. Although this is not an extensive
set of problems, the results strongly suggest that significant benefits
accrue from proper modeling of the tabular data!

A second (perhaps more important) benefit can be ascribed to the
use of the smooth data and is illustrated in Fig. 3. The shape of the
optimal control (thrust-vs-time) history obtained using the smooth
data was very "smooth" and well behaved. In contrast, the optimal
control history produced by the interpolating data is very erratic and
reflects the irregularities in the data modeling.

VII. Summary and Conclusions
This paper describes the application of direct transcription

methods to commercial airplane trajectory optimization problems.
The applications are characterized by a relatively large number of
trajectory phases involving nonlinear path constraints. The path con-
straints, when adjoined to the state equations, form systems of dif-
ferential algebraic equations that are solved in a natural, straight-
forward manner using the transcription method. Treatment of the
tabular data describing the aircraft aerodynamics and propulsion
was accomplished using tensor product cubic splines. Two differ-
ent approaches were investigated for constructing the cubic-splines,
namely interpolating the data and constructing a least-squares fit
subject to curvature constraints. Although both approaches have
the necessary continuity and differentiability, the optimization itera-
tions were significantly faster when using the smoothing spline. The
overall technique is efficient and robust and permits flexibility in the
specification of problem constraints as well as the mission profile.
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